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The magnetic properties of the mixed spin- 12 and spin- 72 Ising model with a crystal-field in a longitudinal mag-netic field are investigated on the Bethe lattice using exact recursion relations. The ground-state phase dia-
gram is constructed. The temperature-dependent one is displayed in the case of uniform crystal-field on the
(kBT/|J |,D/|J |) plane in the absence of the external constraint for lattice coordination numbers z = 3, 4, 6.The order parameters and corresponding response functions as well as the internal energy are calculated and
examined in detail in order to feature the real nature of phase boundaries and corresponding temperatures.
The thermal variations of the average magnetization are classified according to the Néel nomenclature.
PACS: 75.10.Hk, 75.10.Dg, 05.70.Fh, 05.50.+q
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1. Introduction
The investigation of mixed Ising systems has been of great interest in statistical mechanics during the
past decades [1–4]. This is due to the revelation of novel critical magnetic properties not detected during
studies of their single-spin counterparts. These systems are used to model ferrimagnetic materials whose
properties are often needed in modern sophisticated technologies, such as magnetic recording, storage
and reading devices [5–11].
Theoretically, such systems have been studied by several statistical mechanical methods: renorma-
lization-group technique [12, 13], mean-field approximation [14–18], effective-field theory [19–24],
Monte Carlo simulations [25–29]. Recently, Jiang and Bai [30] have studied the influence of an ex-
ternal longitudinal magnetic field on the magnetic properties of a mixed spin-1/2 and spin-3/2 Ising
ferromagnetic/ferrimagnetic bilayer system. By means of the effective-field theory, Essaoudi et al. [31]
also studied the same model using a probability distribution technique. This investigation revealed a
remarkable influence of the field strength on the magnetic properties of this system. Few exactly solved
mixed-Ising models exist in the literature. For recent review on the subject, the reader should refer to
references [32–41]. Experimentally, the investigation of such systems has been performed for many years
and has shown strong effects of the external constraint on the physical properties of the system [42, 43].
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In this paper, the Bethe lattice (BL) approach is used to examine the magnetic properties of the mixed
spin- 12 and spin-
7
2 Ising model with equal crystal-field in the presence of a longitudinal magnetic field.
The exact recursion relations are calculated considering contribution to the total partition function of the
system from sites deep inside the lattice [44]. This work aims at the study of the effects on the phase
boundaries of the competition between the two parameters of the system: the magnetic field and the
crystal-field strengths.
The remainder of this paper is arranged as follows. In section 2, the formulation of the model on the
BL is clarified. Also, the order-parameters, the corresponding response functions, the internal energy and
free energy are expressed in terms of recursion relations. In section 3, we discuss in detail the numerical
results. Finally, in the last section we conclude.
2. Formulation of the model on the BL
The mixed-spin system on the BL is shown in figure 1. It consists of two sublattices A and B. Sites
of the sublattice A are occupied by atoms of spins si = ± 12 . Those of the sublattice B are occupied by
atoms of spins σj = ± 72,± 52,± 32,± 12 . The BL is arranged such that the central spin is spin- 12 , and the next
generation spin is spin- 72 and so on to infinity. The Ising Hamiltonian of the model may be written as:
H = −J
∑
〈i, j 〉
siσj − D
∑
j
σ2j − h
(∑
i
si +
∑
j
σj
)
, (1)
where J < 0 is the bilinear exchange coupling interaction strength; D and h are, respectively, the
crystal-field and the longitudinal magnetic field acting on the spins.
In order to formulate the problem on the BL, the partition function is calculated. Its expression reads:
Z =
∑
exp
{
β
[
J
∑
<i, j>
siσj + D
∑
j
σ2j + h
(∑
i
si +
∑
j
σ j
)]}
. (2)
If the BL is cut at the central spin s0, it splits into z disconnected pieces. Then, the partition function
can be written as:
Z =
∑
s0
exp
[
β(hs0)
]
gzn(s0) , (3)
Figure 1. Schematic representation of the Bethe lattice with coordination number z = 3. It consists of two
interpenetrating sublattices A and B with spin variables si = 1/2 and σj = 7/2, respectively.
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where s0 is the central spin value of the lattice, gn(s0) is the partition function of an individual branch
and the suffix n represents the fact that the sub-tree has n shells, i.e., n steps from the root to the boundary
sites. If one continues to cut the BL on spins σ1 and s2 which are respectively the nearest and next-nearest
neighbors of the central spin s0, the recurrence relations for gn(s0) and gn−1(σ1) read:
gn(s0) =
∑
{σ1 }
exp
[
β(Js0σ1 + Dσ21 + hσ1)
] [
gn−1(σ1)
]z−1
, (4)
gn−1(σ1) =
∑
{s2 }
exp
[
β(Js2σ1 + hs2)
] [
gn−2(s2)
]z−1
. (5)
Explicit relations for some gn(s0) and gn−1(σ1) are given in the following:
gn
(
±1
2
)
=
∑
{σ1 }
exp
[
β
(
± J
2
σ1 + Dσ21 + hσ1
)] [
gn−1(σ1)
]z−1
= exp
[
β
(
± 7J
4
+
49
4
D +
7
2
h
)] [
gn−1
(
7
2
) ]z−1
+ exp
[
β
(
∓ 7J
4
+
49
4
D − 7
2
h
)] [
gn−1
(
−7
2
) ]z−1
+ exp
[
β
(
± 5J
4
+
25
4
D +
5
2
h
)] [
gn−1
(
5
2
) ]z−1
+ exp
[
β
(
∓ 5J
4
+
25
4
D − 5
2
h
)] [
gn−1
(
−5
2
) ]z−1
+ exp
[
β
(
± 3J
4
+
9
4
D +
3
2
h
)] [
gn−1
(
3
2
) ]z−1
+ exp
[
β
(
∓ 3J
4
+
9
4
D − 3
2
h
)] [
gn−1
(
−3
2
) ]z−1
+ exp
[
β
(
± J
4
+
1
4
D +
1
2
h
)] [
gn−1
(
1
2
) ]z−1
+ exp
[
β
(
∓ J
4
+
1
4
D − 1
2
h
)] [
gn−1
(
−1
2
) ]z−1
, (6)
gn−1
(
±7
2
)
=
∑
{s2 }
exp
[
β
(
± 7J
2
s2 + hs2
)] [
gn−2(s2)
]z−1
= exp
[
β
(
± 7J
4
+
h
2
)] [
gn−2
(
1
2
) ]z−1
+ exp
[
β
(
∓ 7J
4
− h
2
)] [
gn−2
(
−1
2
) ]z−1
, (7)
gn−1
(
±5
2
)
=
∑
{s2 }
exp
[
β
(
± 5J
2
s2 + hs2
)] [
gn−2(s2)
]z−1
= exp
[
β
(
± 5J
4
+
h
2
)] [
gn−2
(
1
2
) ]z−1
+ exp
[
β
(
∓ 5J
4
− h
2
)] [
gn−2
(
−1
2
) ]z−1
, (8)
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gn−1
(
±3
2
)
=
∑
{s2 }
exp
[
β
(
± 3J
2
s2 + hs2
)] [
gn−2(s2)
]z−1
= exp
[
β
(
± 3J
4
+
h
2
)] [
gn−2
(
1
2
) ]z−1
+ exp
[
β
(
∓ 3J
4
− h
2
)] [
gn−2
(
−1
2
) ]z−1
, (9)
gn−1
(
±1
2
)
=
∑
{s2 }
exp
[
β
(
± 1J
2
s2 + hs2
)] [
gn−2(s2)
]z−1
= exp
[
β
(
± 1J
4
+
h
2
)] [
gn−2
(
1
2
) ]z−1
+ exp
[
β
(
∓ 1J
4
− h
2
)] [
gn−2
(
−1
2
) ]z−1
. (10)
After calculating all the gn(s0) and gn−1(σ1), the recursion relations for the spin- 12 are defined as:
Yn =
gn
( 1
2
)
gn
( − 12 ) (11)
and for the spin- 72 as:
An−1 =
gn−1
(
+ 72
)
gn−1
( − 12 ) , Bn−1 = gn−1
( − 72 )
gn−1
( − 12 ) , (12)
Cn−1 =
gn−1
(
+ 52
)
gn−1
( − 12 ) , Dn−1 = gn−1
( − 52 )
gn−1
( − 12 ) , (13)
En−1 =
gn−1
( 3
2
)
gn−1
( − 12 ) , Fn−1 = gn−1
( − 32 )
gn−1
( − 12 ) ,
Gn−1 =
gn−1
(
+ 12
)
gn−1
( − 12 ) .
For the numerical investigation of the model, the magnetization M and the corresponding quadrupolar
moment Q are quantities of interest. For the sublattice A, the sublattice magnetization M1/2 is defined
by:
M1/2 = Z−11/2
∑
{s0 }
s0exp (βhs0)gzn(s0). (14)
After some mathematical manipulations, the sublattice magnetization M1/2 is explicitly given by:
M1/2 =
exp
( βh
2
)
Y zn − exp
( − βh2 )
2
[
exp
( βh
2
)
Y zn + exp
( − βh2 ) ] . (15)
In the same way, the two order-parameters for the sublattice B are calculated as follows:
M7/2 =
M ′7/2
M07/2
, Q7/2 =
Q′7/2
Q07/2
, (16)
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where
M ′7/2 = 7 exp
(
49
4
βD
) [
exp
(
7
2
βh
)
Az
n−1 − exp
(
−7
2
βh
)
Bz
n−1
]
+ 5 exp
(
25
4
βD
) [
exp
(
5
2
βh
)
Cz
n−1 − exp
(
−5
2
βh
)
Dz
n−1
]
+ 3 exp
(
9
4
βD
) [
exp
(
3
2
βh
)
Ez
n−1 − exp
(
−3
2
βh
)
Fz
n−1
]
+ exp
(
1
4
βD
) [
exp
(
1
2
βh
)
Gz
n−1 − exp
(
−1
2
βh
)]
, (17)
M07/2 = 2 exp
(
49
4
βD
) [
exp
(
7
2
βh
)
Az
n−1 + exp
(
−7
2
βh
)
Bz
n−1
]
+ 2 exp
(
25
4
βD
) [
exp
(
5
2
βh
)
Cz
n−1 + exp
(
−5
2
βh
)
Dz
n−1
]
+ 2 exp
(
9
4
βD
) [
exp
(
3
2
βh
)
Ez
n−1 + exp
(
−3
2
βh
)
Fz
n−1
]
+ 2 exp
(
1
4
βD
) [
exp
(
1
2
βh
)
Gz
n−1 + exp
(
−1
2
βh
)]
, (18)
Q′7/2 = 49 exp
(
49
4
βD
) [
exp
(
7
2
βh
)
Az
n−1 + exp
(
−7
2
βh
)
Bz
n−1
]
+ 25 exp
(
25
4
βD
) [
exp
(
5
2
βh
)
Cz
n−1 + exp
(
−5
2
βh
)
Dz
n−1
]
+ 9 exp
(
9
4
βD
) [
exp
(
3
2
βh
)
Ez
n−1 + exp
(
−3
2
βh
)
Fz
n−1
]
+ exp
(
1
4
βD
) [
exp
(
1
2
βh
)
Gz
n−1 + exp
(
−1
2
βh
)]
, (19)
Q07/2 = 4 exp
(
49
4
βD
) [
exp
(
7
2
βh
)
Az
n−1 + exp
(
−7
2
βh
)
Bz
n−1
]
= 4 exp
(
25
4
βD
) [
exp
(
5
2
βh
)
Cz
n−1 + exp
(
−5
2
βh
)
Dz
n−1
]
+ 4 exp
(
9
4
βD
) [
exp
(
3
2
βh
)
Ez
n−1 + exp
(
−3
2
βh
)
Fz
n−1
]
+ 4 exp
(
1
4
βD
) [
exp
(
1
2
βh
)
Gz
n−1 + exp
(
−1
2
βh
)]
. (20)
In order to determine the compensation temperature, one should define the global magnetization Mnet
of the model which is given by:
Mnet =
M1/2 + M7/2
2
. (21)
To really study themodel in detail and single out the influence of the crystal-field and the appliedmagnetic
field on themagnetic properties of themodel, we have also examined the thermal variations of the response
functions i.e., the susceptibilities, the specific heat and the internal energy defined respectively by:
χTotal = χ1/2 + χ7/2 =
(
∂M1/2
∂h
)
h=0
+
(
∂M7/2
∂h
)
h=0
, (22)
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C = −β2 ∂
2(−βF ′)
∂β2
, (23)
U
N |J | = −kBT
2 ∂
∂T
(
F ′
kBT
)
, (24)
where F ′ is the free energy of the model.
In order to classify the order of the phase transitions, i.e., whether the second- or the first-order, the
free energy expression is also needed in addition to the order-parameters. It can be calculated in terms of
recurrence relations by using the definition F ′ = −kT ln(Z) in the thermodynamic limit, i.e., n→∞ :
F ′
J
= − 1
β
′
(
z − 1
2 − z ln
{
exp
[
β
(
− J
4
+
h
2
)]
Y z−1n + exp
[
β
(
J
4
− h
2
)]})
− 1
β
′
(
ln
{
exp
[
β
(
h
2
)]
Y zn + exp
[
β
(
− h
2
)]})
− 1
β
′
(
1
2 − z ln
{
exp
[
β
(
−7J
4
+
49D
4
+
7h
2
)]
Az−1
n−1
+ exp
[
β
(
7J
4
+
49D
4
− 7h
2
)]
Bz−1
n−1
+ exp
[
β
(
−5J
4
+
25D
4
+
5h
2
)]
Cz−1
n−1 + exp
[
β
(
5J
4
+
25D
4
− 5h
2
)]
Dz−1
n−1
+ exp
[
β
(
−3J
4
+
9D
4
+
3h
2
)]
Ez−1
n−1 + exp
[
β
(
3J
4
+
9D
4
− 3h
2
)]
Fz−1
n−1
+ exp
[
β
(
− J
4
+
D
4
+
h
2
)]
Gz−1
n−1 + exp
[
β
(
J
4
+
D
4
− h
2
)]})
. (25)
3. Numerical results and discussions
In this section, we present and discuss the results we obtained for the temperature phase diagrams of
the model, the thermal variations of the order-parameters, the response functions and the internal energy.
To this end, we first construct the phase diagram at T = 0.
3.1. Ground-state phase diagrams
The ground-state phase diagram of the model is obtained by comparing the values of the energy E0
for different spin configurations which can be expressed as:
E0 = sσ − 1z |J |
[
Dσ2 + h(s + σ)] . (26)
Only eight possible pairs of spins due to the ferrimagnetic coupling J and positive field (h > 0) are
found. Calculations of these energies in the (h/z |J |,D/z |J |) plane yield the ground-state phase diagram
displayed in figure 2. The model has a usual spin-flip symmetry. Thus, all ground-states for negative field
(h < 0) can be obtained from the corresponding ones at a positive field, simply by reversing all spin
orientations. Some key features of the model are revealed in the diagram, in particular, the existence of
seven multicritical points (A1, A2, · · · , A7) and coexistence lines where spin pair energies of some phases
are equal. In the absence of the magnetic field, for a given values of z and D/z |J |, M7/2 shows seven
saturation values whereas for M1/2, ± 12 are the two saturation values. Hence, we get the ferrimagnetic
phases: F
(∓ 12,± 72 ) , F(∓ 12,± 52 ) , F(∓ 12,± 32 ) , F(∓ 12,± 12 ) and at the borders of these phases, three hybrid
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-1/2, +3/2
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+1/2, -1/2  or  -1/2, +1/2
A1
2
3
4
5 6 7A
A
A
A
A
+1/2, +1/2
D/z|J|
h/
z|J
|
Figure 2. Ground-state phase diagram of the mixed spin- 12 and spin- 72 Ising ferrimagnetic model with
the crystal-field D applied one sublattice in the (h/z |J |,D/z |J |) plane. There exist eight stable phases.
Along the D/z |J |-axis and for all values of z, three hybrid phases may appear at the multicritical points
A5, A6 and A7.
phases: F
(∓ 12,±1) , F(∓ 12,±2) , F(∓ 12,±3) at the multicritical points A5, A6 and A7, respectively. These
hybrid phases should correspond to cases where the sublattice B is half-half covered by spins of the two
neighboring phases.
3.2. Finite-temperature phase diagrams
In this subsection, we show some typical results for the mixed spin- 12 and spin-
7
2 Ising model on the
BL with a crystal field at zero longitudinal magnetic field. First, we present phase diagrams of the model
in the (D/|J |, kBT/|J |) plane for z = 3, 4 and 6. Therein, solid lines indicate a second-order transition.
The three filled circles A5, A6 and A7 in figure 3 are the multicritical points found in the ground-state
phase diagram.
From this figure, some interesting properties of the system emerge. Indeed, for all values of the
coordination number z, from panel (a) to panel (c), transition lines are only of the second-order type and
separate the ferrimagnetic phase (F) which is a mixture of five different ferrimagnetic phases from the
paramagnetic phase (P). They become constant for D/|J | < − z12 . One observes that for D/|J | > − z12 , the
second-order phase transition turns from ferrimagnetic phase F
(∓ 12,± 72 ) to the disordered paramagnetic
phase P. For − z8 < D/|J | < − z12 , the second-order phase transition is from the ferrimagnetic F
(∓ 12,± 52 )
to the paramagnetic phase P. When − z4 < D/|J | < − z8 , the second-order phase transition is from the
ferrimagnetic F
( ∓ 12,± 32 ) to the paramagnetic phase P. In the case where D/|J | < − z4 , the second-
order phase transition is from the ferrimagnetic phase F
( ± 12,∓ 12 ) to the paramagnetic phase P. For
D/|J | = − z12 , (respectively D/|J | = − z8 and D/|J | = − z4 ), the second-order transition phase is from the
hybrid phase F
(∓ 12,±3) [respectively the hybrid phase F(∓ 12,±2) and F(∓ 12,±1) ] to the paramagnetic
phase P.
It is important to mention that figure 3 presents some resemblances with results from references
[24, 36, 40] concerning the second-order transition lines. Also, by increasing the value of the coordination
number z, the ferrimagnetic domain F becomes important.
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6
7
D/|J|
k 
T/
|J|
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( a )
( b )
( c )
A A
A
5
6
7
A
A
A
6
5 7
(- 1/2, +5/2 )
(- 1/2, +3/2 )
(- 1/2, +1/2 )
(- 1/2, +7/2 )B
( P )
( F )
k 
T/
|J|
B
k 
T/
|J|
A
A
(- 1/2, +7/2 )
(- 1/2, +1/2 )
(- 1/2, +5/2 )
(- 1/2, +3/2 )
D/|J|
D/|J|
( F )
( P )
z = 3
z = 4
z = 6
Figure 3. Phase diagrams of the model in the (D/|J |, kBT/|J |) plane. The black circles on the D/|J |-axis
correspond to the A5, A6 and A7 multicritical points obtained in the ground-state phase diagram and
the solid line indicates the second-order transition line. Panel (a): z = 3; panel (b): z = 4 and panel (c):
z = 6. Here, the model only presents second-order transition for all values of z. The multicritical points
A5, A6 and A7 which respectively indicate the positions of the hybrid phases F
( ∓ 12,±3) , F ( ∓ 12,±2) ,
and F
( ∓ 12,±1) respectively, separate the ferrimagnetic phases F ( ∓ 12,± 72 ) , F ( ∓ 12,± 52 ) , F ( ∓ 12,± 32 ),
and F
( ∓ 12,± 12 ) .
3.3. Thermal variations of the order-parameters, the response functions and the in-ternal energy
As it is explained above, the thermal variations of the order-parameters, the response functions and the
internal energy for the model were calculated in terms of recursion relations. The thermal variations of
the order-parameters are crucial for obtaining the temperature dependence phase diagrams of the model.
In fact, when the magnetization curves go to zero continuously, one gets a second-order phase transition.
In the case of a jump in the magnetizations curves followed by a discontinuity of the first derivative of the
free-energy F ′, a first-order transition temperature is got. Besides these two temperatures, there is another
13705-8
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temperature called compensation temperature defined as the temperature where the global magnetization
becomes zero before the critical temperature. Therefore, in order to identify transition and compensation
lines, one needs to study the thermal behaviours of the considered thermodynamical quantities of the
model. Now, we present some results on the thermal behaviours of the order-parameters, the response
functions and the internal energy in the the absence of the magnetic field h when z = 3, 4 and 6.
Figure 4 illustrates some thermal variations of the sublattice magnetizations M1/2 and M7/2 when
z = 3, 4 and 6 for selected values of the crystal-field D/|J |. The results are in perfect agreement with
the ground-state phase diagram concerning the saturation values. Indeed, M1/2 falls from its unique
saturation value ∓ 12 with an increasing temperature whereas M7/2 shows seven saturation values. The
behaviours of the sublattice magnetizations M1/2 and M7/2 are quite similar. Moreover, one can notice
0 0,5 1 1,5 2 2,5
-1
0
1
2
3
4
0 1 2 3 4
-1
0
1
2
3
4
0 1 2 3 4 5 6
-1
0
1
2
3
4
D/|J|= 0.0
- 0.25
- 0.30
- 0.375
- 0.50
- 0.75
- 1.0
- 0.33
- 0.40
- 0.66
- 2.0
- 0.60
- 1.5
-3.0
M
1/2
7/2
k T/|J|B
( a )
( b )
( c )
D/|J|= 0.0
D/|J|= 0.0
- 0.50
- 1.0
- 1.0
- 0.75
- 0.50
M
M
1/2
7/2
M
M
M1/2
7/2
k T/|J|B
Bk T/|J|
z = 3
z = 4
z = 6
Figure 4. Sublattice magnetizations of the model as functions of the reduced temperature kBT/|J | for
z = 3, 4 and 6 for various values of the crystal-field interactions D. Panel (a): curves are displayed for
z = 3 and selected values of D/|J | are indicated on the curves. Panel (b): curves are displayed for z = 4
and selected values of D/|J | indicated on the curves. Panel (c): curves are displayed for z = 6 and selected
values of D/|J | indicated on the curves. For all values of z, the sublattice magnetization curves are all
continuous.
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that all the curves are continuous and the Curie temperature Tc at which both magnetization curves go to
zero increases with the crystal-field D/|J | and the coordination number z.
In figure 5, we have plotted the thermal variations of the specific heat and the internal energy for
various values of the crystal-field as indicated in the figure. Both the specific heat and the internal energy
rapidly increase with increasing temperature and make peak without jump discontinuities at the same Tc.
By increasing the strength of the crystal-field and the coordination number, the value of Tc at which
the transition occurs, increases and this can be easily observed by comparing the results from different
panels of figure 5. The results obtained in this figure confirm that the model only presents second-order
transition for all values of the coordination number z.
In figure 6, we also present the temperature dependences of both sublattice magnetizations and
susceptibilities when z = 3, 4, 6 and D/|J | = 1. From this figure, the value of the transition temperature
Tc increases with an increasing coordination number z. Here, Tc separates the ferrimagnetic phase
F
(± 12,∓ 72 ) from the paramagnetic phase (P) and Tc/|J | = 3.110 (respectively Tc/|J | = 4.644 and 7.313)
for z = 3 (respectively for z = 4 and 6). Furthermore, one remarks that for T → Tc, χ7/2 → +∞ whereas
χ1/2 → −∞. For T > Tc, the susceptibility χ1/2 rapidly increases whereas the susceptibility χ7/2 rapidly
decreases when the temperature increases and is very far from the Curie temperature Tc, χ7/2 → 0 and
χ1/2 → 0.
Let us now discuss the thermal variations of the sublatticemagnetizations, the corresponding response
functions and the internal energy of the system in the presence of the longitudinal magnetic field h.
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Figure 5. Thermal variations of the specific heat and internal energy are calculated for z = 3, 4 and
selected values of the crystal-field D/|J | as shown in the figures from panel (a) to panel (d). Values of the
physical parameters considered are indicated in different panels. Analysis of the data in different panels
shows that the model only exhibits second-order transition for z = 3, 4.
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Figure 6. The behaviour of the sublattice magnetizations and magnetic susceptibilities as a function of
temperature on the Bethe lattice for z = 3, 4 and 6 when D/|J | = 1.0. Values of the physical parameters
considered for the system are indicated in different panels.
Figure 7 expresses the effects of an applied magnetic field h on the magnetic properties of the model
when z = 3 and D/|J | = 1.0 for selected values of h/|J |. In panel (a), the sublattice magnetizations
continuously decrease from their saturation values to non-zero values when the temperature increases.
The remaining values of the sublattice magnetizations are more important when the value of the applied
magnetic field is high. Thus, one observes that the system does not present any transition when h/|J | , 0.
It is important to indicate that in the case of h/|J | = 0, the model exhibits the second-order transition
at a Curie temperature Tc/|J | = 3.110, where the two sublattice magnetizations continuously go to zero
after decreasing from their saturation values at T = 0. In panels (b), (c) and (d), we have displayed the
temperature dependence of the total susceptibility χT, the internal energy U and the specific heat C,
respectively. One can see from these panels that the response functions and the internal energy indicate
a second-order transition which occurs at the same Tc/|J | as in the case of h/|J | = 0. For h/|J | , 0 and
T > Tc, the response functions exhibit a maximum and the height of the maximum decreases when the
value of the applied magnetic field increases.
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Figure 7. The temperature dependence of the sublattice magnetizations M1/2 , M7/2 [panel (a)], the
total susceptibility χT [panel (b)], the total internal energy U [panel (c)] and the total specific heat C
[panel (d)]. The following values of the parameters are used: D/|J | = 1.0; h/|J |= 0.0; 0.5; 1.0; 1.5; 2.0.
In figure 8, we have presented the thermal variations of the response functions for some values of the
system parameters to show the influence of D/|J | on the system properties for h/|J | , 0. In the figure,
one observes that the response functions show interesting behaviours. Indeed, the two studied response
functions globally show a maximum at a certain value of the temperature. This temperature increases
with the coordination number and the strength of the crystal-field. It is important to mention that the
height of the maximum of the two response functions also increases with increasing values of the strength
of the crystal-field D/|J | but the opposite holds when the coordination number z increases.
In figure 9, we have investigated the global magnetization as a function of the temperature and
obtained some compensation types of the model. The figure shows temperature dependencies of the
global magnetization Mnet for selected values of the crystal-field when z = 3. As seen from figure 9, the
model exhibits five types of compensation behaviours, namely R-, S-, P-, Q- and L-type compensation
behaviours as classified in the extended Néel nomenclature [45–48].
Moreover, we investigate the low-temperature magnetic properties of the model. We plotted the
sublattice magnetizations and the global magnetization at kBT/|J | = 0.1 for selected values of the
crystal-field as functions of the field h as shown in figure 10. In panel (a) where D/|J | = −1 and z = 3,
Mnet and M7/2 respectively show five and four step-like magnetization plateaus (Mnet = 0, 12, 1, 32, 2) and
(M7/2 = 12, 32, 52, 72 ) whereas M1/2 shows two step-like magnetization plateaus (M1/2 = − 12, 12 ). Also, from
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Figure 8. Temperature variations of the response functions of the model at selected values of D/|J |
indicated on different curves illustrated for z = 3, 4 and h/|J | = 0.5.
panel (b) where D/|J | = 0 and z = 3, only Mnet and M1/2 present two step-like magnetization plateaus(
Mnet = 32, 2
)
and
(
M1/2 = − 12, 12
)
. These obtained results are consistent with the ground-state phase
diagram displayed in figure 2 of references [49, 50].
4. Conclusion
In this paper, we have studied the magnetic properties of the mixed spin- 12 and spin-
7
2 Ising ferrimag-
netic model on the BL in the presence of a longitudinal magnetic field by means of the recursion relations
method. All the thermodynamical quantities of interest are calculated as functions of recursion relations.
The ground-state phase diagram of the model is displayed as shown in figure 2. From this phase
diagram, we have found eight existing and stable phases and along the D/q |J |-axis, three particular
hybrid phases appear at the three multicritical points A5, A6 and A7. The ground-state phase diagram is
considered and used as a guide for obtaining different temperature phase diagrams. We also investigated
the phase diagrams in the (D/|J |, kBT/|J |) plane, shown in figure 3. Then, in the presence and without
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Figure 9. The Néel nomenclature of average magnetization: (a) R-type for D/|J | = −0.52; (b) S-type for
D/|J | = −0.6; (c) P-type for D/|J | = −0.46; (d) Q-type for D/|J | = −0.5 ; (e) R-type for D/|J | = −1.5.
the longitudinal magnetic field h, we examined the thermal variations of the sublattice magnetizations,
the global magnetization, the corresponding response functions and the internal energy as reported in
figures 4–10. From these figures, the order-parameters in most cases showed a usual decay with thermal
fluctuations. By using these behaviours and the analysis of the corresponding response functions and
the internal energy, the nature of different phase transitions encountered is identified. The model shows
rich physical properties, namely the second-order transition and multicritical points for all values of the
crystal-field interactions and for all values of the coordination number z.
As a final note, it is useful to mention that different results achieved here are compared to those
reported is some previous works [24, 51] and topological similarities are found.
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Figure 10. Magnetizations M1/2, M7/2 and Mnet plotted as functions of the magnetic field h for selected
values of the crystal-field when z = 3 as indicated in different panels.
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Дослiдження методом ґратки Бете змiшаної спiн-12 та спiн-72моделi Iзiнга в поздовжньому магнiтному полi
С. Еддагрi1, M. Карiму2, A. Разук1,3, Ф. Гонтiнiтде2,4, A. Бенюссеф5,6
1 Iнститут математики i фiзичних наук (IMSP), Республiка Бенiн
2 Унiверситет Абомей-Калавi, фiзичний факультет, Республiка Бенiн
3 LMPHE, Факультет природничих наук, унiверситет Мохаммеда V, Рабат,Марокко
4 Лабораторiя фiзики матерiалiв, факультет наук i технологiй, унiверситет султана Муле Слiмана,Марокко
5 Вiддiлення фiзики, полiдисциплiнарний факультет, унiверситет султана Муле Слiмана,Марокко
6 Академiя наук i технологiй Хассана II, Рабат,Марокко
Дослiджено магнiтнi властивостi змiшаної спiн- 12 та спiн- 72 моделi Iзiнга з кристалiчним полем у поздов-жньому магнiтному полi на ґратцi Браве з використанням точних рекурсивних спiввiдношень. Побудо-
вана фазова дiаграма основного стану. Температурно-залежна фазова дiаграма продемонстрована для
випадку однорiдного кристалiчного поля на площинi (kBT/|J |,D/|J |) при вiдсутностi зовнiшнього обме-ження для координацiйних чисел z = 3, 4, 6. Параметр порядку, вiдповiдна функцiя вiдгуку i внутрiшня
енергiя обчисленi та вивченi детально для встановлення справжньої природи фазових меж i вiдповiдних
температур. Термiчнi змiни середньої намагнiченостi прокласифiковано вiдповiдно до номенклатури Не-
еля.
Ключовi слова: модель Iзiнга, намагнiченiсть, функцiя вiдгуку, вiльна енергiя, фазова дiаграма, перехiд
другого роду
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